HANKEL AND TOEPLITZ-SCHUR MULTIPLIERS 



A.B. ALEKSANDROV AND V.V. PELLER 



Abstract. We study the problem of characterizing Hankel-Schur multipliers 
and Toeplitz-Schur multipliers of Schatten-von Neumann class S p for 
< p < 1. We obtain various sharp necessary conditions and sufficient con- 
ditions for a Hankel matrix to be a Schur multiplier of S p . We also give a 
characterization of the Hankel-Schur multipliers of S p whose symbols have la- 
cunary power series. Then the results on Hankel-Schur multipliers are used to 
obtain a characterization of the Toeplitz-Schur multipliers of S p . Finally, we 
return to Hankel-Schur multipliers and obtain new results in the case when the 
symbol of the Hankel matrix is a complex measure on the unit circle. 

1. Introduction 



The Schur product of matrices A = {ajfc}j.fc>o an d B = {bjk}j,k>o is defined as 
the matrix A-k B whose entries are the products of the entries of A and B: 

A* B = {dj k bjk}j t k>o- 

If we identify in a natural way the bounded linear operators on £ 2 with their matrix 
representation with respect to the standard orthonormal basis of £ 2 , we can study 
Schur multipliers of various classes of linear operators on £ 2 . Namely, if X is a class 
of bounded linear operators on £ 2 , we say that a matrix A is a Schur multiplier of 
X if and only if 

B e X =>- A*B £ X. 

We are interested in this paper in Schur multipliers of Schatten-von Neumann 
classes S p (see [GK], [BS1] for information on the classes S p ). For < p < oo we 
denote by 9Jl p the space of Schur multipliers of S p and we put 

ll^lk = sup{||A*£|| Sp : HSlls, < 1}. 

It is easy to see that for p > 1 the functional || • ||gj^ is a norm on VJl p . Using the 
triangle inequality 

m+T 2 r Sp < \\ Tl r Sp + \\T 2 r Sp , o< P <i, (i.i) 
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(see [Pie], [BS1]), one can easily see that 

\\At + A 2 \\ p mp < 11^11^ + ||A 2 ||^, 0<p<l. (1.2) 

We denote by the class of Schur multipliers of the space B of bounded linear 
operators on £ 2 . 

In this paper we are going to study the Hankel-Schur multipliers of S p , i.e., 
matrices of class 9Jl p of the form {jj+k}j,k>o and the Toeplitz-Schur multipliers of 
S p , i.e., matrices of class %R P of the form {tj-k}j,k>o- 

Let us summarize briefly some well-known properties of classes DJl p . The class 
DJI2 is the space of matrices with bounded entries. If 1 < p < 00, then 9Jl p = 9Jt p /, 
where 1/p + l/p' = 1. The space DJl coincides with DJl\. This follows from the facts 
that the dual space to S p can be identified in a natural way with S p > and the dual 
to Si can be identified with B. 

Next, interpolating between the classes S p , one can easily see that 

wi pi c wi P2 if < pi < p 2 < 2. 

To describe the space 9Jt, we consider the projective tensor product f 00 ®^ 00 that 
consists of matrices C = {cjk}j,k>o f° r which there exist sequences 

X(") = (4 n) ) G £°° and F (n) = LS n) ) e f°, n > 0, such that 
I J ) j>o I J J j>o 

^ = E4 n) ^ n) (1-3) 

n>0 



and 



Ell^ (ri) IUII y(n) IU <oo. (1.4) 



n>0 



The norm ||C7||^oo^oo is by definition the infimum in ( |1.4|) over all sequences 
and K^ n ^ satisfying ( p~73|) . 

For any positive integer m we consider the matrix = {<k™ }j,k>o defined by 

(m) _ f 1, j <m, k < m, ^ 5 . 

I 0, otherwise . ' 



It is well known that a matrix A belongs to 971 = 9Jli if and only if 

3 ®p 



sup||g (m) *A||^A £00 < 00 



(see [Be]). 

One can generalize the notion of a Schur multiplier of S p to the case of linear 
operators on L 2 (X,fi), where \i is a Borel measure on a metric space X. For 
p < 2 the space SDT P (//) of Schur multipliers of S p is defined as the class of mea- 
surable functions (p on X x X such that for any integral operator T £ S p with 
kernel function k, the integral operator with kernel function cpk is also in S p . For 

2 



2 < p < oo we put OJlp(ii) = Wlp'(ii) and the space 3Jl(/x) of Schur multipliers of 
the space of bounded linear operators on L 2 (fi) is by definition 9Jti(/i). 

Note that Schur multipliers are a powerful tool to investigate linear operators, 
they are applied in perturbation theory, in operator algebras, operator spaces, in 
the study of Hankel operators, and many other fields of mathematics, see e.g., [Be], 
[BS2], [Pel2], [Pel3], [Pel4], [Pisl], [Pis2]. 

The Hankel-Schur multipliers and the Toeplitz-Schur multipliers of S p are well 
investigated for p = 1 (see §2 for a brief summary of the results). In this paper we 
consider the case p < 1. 

In §4 we study Hankel-Schur multipliers of S p , < p < 1. We find many sharp 
necessary conditions and sufficient conditions. We also obtain in §4 a necessary 
and sufficient condition for a Hankel matrix with a "lacunary" symbol to be a 
Schur multiplier of S p . In §5 we use the results of §4 to study the Toeplitz-Schur 
multipliers of S p and we obtain their characterization which can be formulated 
very easily. Finally, in §6 we return to Hankel-Schur multipliers. Namely, we will 
study the case when the symbol of a Hankel matrix is a complex measure on the 
unit circle. Note that the results obtained in §6 are based on the results of §5 on 
Toeplitz-Schur multipliers. In §2 we collect necessary information and in §3 we 
obtain some useful general results on Schur multipliers of S p . 



2. Preliminaries 



L p -norms of certain trigonometric polynomials. Let F be an infinitely 
differentiable function on R with compact support and let m be a positive integer. 
Consider the trigonometric polynomial 

We need the following fact: 

cpm 1 - 1 ^ < ||F (m) || LP(T) < Cpm 1 ^, < p < oo. (2.2) 

for some constants cf and Cf- We refer the reader to [Al] for the proof. 

Hankel operators of class S p . Let ip = X^->o vHi)- 2,7 be a function analytic in 

the unit disk D. We can associate with <p the Hankel matrix = f {0j+k}j,k>o- If 
ip belongs to the Hardy class H 2 , we can consider the matrix as an operator in 
i 2 whose domain is the set of finitely supported sequences. We call such operators 
Hankel operators. By Nehari's theorem (see e.g., [N]), T v is a bounded operator on 
I 2 if and only if there exists a function ip in L°° whose Fourier coefficients satisfy 

^(j) = 0U), J e Z+. 
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The following result describes the Hankel operators of class S p : 

T v G S p if and only if <p G B^ p , < p < oo, (2.3) 

where .Bp is a Besov class which will be defined below. For p > 1 (|2.3|) was proved 
in [Pell] (the implication •<= in the case < p < 1 was also established in [Pell]), 
while for < p < 1 the result was been obtained independently in [Pel3], [Pek], 
and [Se]. 

We can also define a Hankel matrix for any distribution ip on T: 

r v = {0j+k}j,k>o- Clearly, T 9 = T v+lfi , where F + ip = E„>o^( n )^- 

The Besov spaces B^ q1 0<p<oo,0<g<oo,sGlR, of functions (or 
distributions) on T can be defined in many different ways (see [Pee]). We give a 
definition most suitable for our purposes. Let v be a function in C°°(R) such that 
v > 0, suppf = [1/2,2], and J2n>o v ( x /2 n ) = 1 for x > 1. The trigonometric 
polynomials V n are defined by 

Vn = ^2v(^\z k , n>l, V (z) = z + l + z, V n = VT n , n < 0. (2.4) 

fc>0 ^ ' 

The Besov class B s , < p < oo, < g < oo, s£l, consists of distributions ip on 
T such that 

{2^ s u * v n \\ p } nez ^ {2^ s u * v n \\ LP } nez g nz). 

The classes B s do not depend on the choice of a particular function v. 

We denote by + the subspace of B^ q that consists of functions analytic in 
D, i.e., a function ip analytic in D belongs to [Bp q ) if and only if 

{2 n 1^*K|k}„>o^ 9 . 

We use the notation Bp* for B^ p . 

In particular, the most important Besov class B^ p , < p < oo, consists of 
distributions ip on T such that 

^2l w l||V*K||£<oo. 

Hankel and Toeplitz— Schur multipliers of Sf The description of Toeplitz 
Schur multipliers is well-known, though we do not know who did it first. Perhaps 
this is a mathematical folklore. Anyway, a Toeplitz matrix {tj-k}j,k>o is a Schur 
multiplier of Si if and only if there exists a complex Borel measure /ionT such 
that tj = fi(j), j G Z, (we use the notation fi(j) for the jth Fourier coefficients of 
jj). This fact can be proved very easily. First, if \i — 5 T , the point mass at r G T, 
then 

KJ -k) = fh\ (2.5) 
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and so \\{(jl(J — &)}i,fc>o||^°(grf°° < 1 which proves that {fi(j — k)}j tk > G 97ti. 
Moreover, it is easy to see from ( |2.5|) that \\{p,(j — ^) }j,fc>o II $rrti = 1- The fact that 
{fi(j — k)}j ; k>o £ 971 1 f° r an arbitrary fi follows immediately from the fact that 
any fi in the unit ball of the space of Borel measures can be approximated in the 
weak-* topology by measures of the form 

J2cj5 Tj , Tj £ T, ^| C j|<1. 

j j 

Conversely, if {tj-k}j,k>o £ 97ti — 971, then for any bounded Toeplitz matrix 
{acj-k}j,k>o the Toeplitz matrix {tj-k a j-k}j,k>o is also the matrix of a bounded 
Toeplitz operator. Since {otj-k}j,k>o G S if and only if <x,- = g(j) for a function g 
in L°° (see e.g., [D]), it follows that {tj-k}j,k>o £ 971 if and only if the sequence 
{tj}j<zz is a Fourier multiplier of the space L°°, i.e., 

E^'ei 00 =► $>$0Ve /- N - (2-6) 

j&Z j€Z 

It is well known (see e.g., [K]) that (p.6|) is equivalent to the fact that {t,}jgz is a 
sequence of the Fourier coefficients of a complex Borel measure. 

The problem of describing Hankel-Schur multipliers of Si is more complicated. 
It was observed in [Pel2] that if a Hankel matrix {lj+k}j,k>o is a Schur multiplier 
of Si, then the sequence {jj}j>o is a Fourier multiplier of the Hardy class H 1 , i.e., 

jez+ jez+ 

A question was asked in [Pel2] of whether the converse is true. It was shown in 
[L] that this is not the case. Later a necessary and sufficient condition has been 
found in [Pisl]: {jj+k}j,k>o is a Schur multiplier of Si if and only if {jj}j>o is a 
Fourier multiplier of the Hardy space if 1 (Si) of Si-valued functions, i.e., 

G(j)zi G H 1 (S l ) =► Yl 7i^(;V e 
jez+ iez+ 



3. Some General Results on Schur Multipliers 

In this section we obtain several general results on Schur multipliers of class S p 
for < p < 1. We start with an analogue of a theorem of Schur for multipliers 
of class S p for < p < 1. Recall that by the Schur theorem [Sc] any matrix of a 
bounded linear operator on £ 2 is a Schur multiplier of B. The following theorem is 
an analog of the Schur theorem for Schur multipliers of S p in the case < p < 1. 
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Throughout the rest of this paper we associate with a given number p G (0, 1) 
the positive number p# defined by 

p* = (3-D 

It is convenient to assume that if p = 1, then p# = oo. 
We also associate with p the number 

def 2p 

ft = (3 - 2) 
Clearly, pb makes sense for any p < 2. 

Theorem 3.1. Let < p < 1 and let p# be defined by ( |3.1| ). Suppose that A is 
a matrix of a linear operator of class S p# . Then A G 9Jt p and 

II^IIok < ll^lls • 

II W ->Jl p — || UOpjj. 

Proof. By ( |1 . 1|) , it suffices to estimate \\A * B\\g for rank one operators B. 
Let B = (-,a)b, where a and b are sequences in £ 2 . Consider the multiplication 
operators Da and D b defined by 

D a {x n } n >0 = {(l n X n } n >o, D {x n } n >o = {b n X n } n >Q, {x n } n >Q G £ 2 . 

It is easy to see that 

A*B = D b AD- a , 

and so 

\\A*B\\ Sp < \\D b \\ S2 \\A\\s P jD- a \\si = IMMI^Ik # \\b\\e = \\A\\ Sp JB\\ Sp 

which proves the result. ■ 

Note that if we take p — 1, the above reasoning proves that if A is a matrix 
of a bounded linear operator on £ 2 , then A is a Schur multiplier of Si which is 
equivalent to the Schur theorem mentioned above. 

We are going to study now properties of general block-diagonal and block- 
triangular matrices which are Schur multipliers of S p for < p < 1. Let {rrik}k>o 
and {ni}i> be two increasing sequences of positive integers such that m = n = 0. 
With each matrix Q = {uJ s t} s ,t>o we can associate the block-matrix {£lki}k,i>o de- 
fined by 

Qkl = {u s t}n h <s<n h+1 ,rni<t<mt +1 - (3-3) 

Theorem 3.2. Let < p < 1 and let p# be defined by ( |3.1| ). Suppose that the 
block-matrix {flki}k,i>o defined by Q3.3p is block- diagonal, i.e., Qm = for k ^ I. 
Then 

fc>0 
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Note that the corresponding fact for p — 1 is also valid and well known. 
Proof. Let us prove first that ||^||^ < J2k>o ll^fcfcllav Let {a s } s > and {6 t }t>o 
be sequences in £ 2 such that ||a||^ = \\b\\p = I. Then the matrix 

{a s bt}s,t>o 

has rank one and its S p norm is equal to 1. Clearly, we have to show that 

\\{uj s ta s bt}s,t>o\\ P s / p < E \\^ kk \\wtp- 

k>0 

We have 

\\{u st a s bt} s ,t>o\\ P s p = ^ \\{Usta S bt}m k <s<m k+1 ,n k <t<n k+1 \\ P Sp 

k>0 

/m k+1 -l \ P/ 2 /n fc+ i-l \ p / 2 

< EimU E m 2 ) E ^ 

fc>0 V s=m fe / \ t=n fe 

1-p 



< 



, ,ip# 

vfc>0 



by Holder's inequality with exponents 1/(1 —p), 2/p, and 2/p. 
Let us prove now that 



En^e<iNri- (3-4) 



fc>0 



We can find sequences {a s } s >o and {b t } t > such that 

mfc+i-l n k+1 -l 
s=m k t=n k 

for any /c > and 

\\{^st a sbt}m k <s<m k+1 ,n k <t<n k+1 \\s p = II ^kk || 9Jtp • 

Let {o;fc}fc>o be a sequence of nonnegative numbers whose norm in £ 2 is one. Put 

n (a) def r 2 t I 

"fc — i UJ st^k a s°tfm k <s<m k+1 ,n k <t<n k+1 

and consider the block-diagonal matrix with diagonal entries /c > 0. 

Clearly, 

IMIk > l|n (a) llt = E^II{ w - a A}-.^llt = E a ?ll n «ll^- 

fe>0 fc>0 
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This inequality holds for an arbitrary sequence {ak}k>o of nonnegative numbers 
whose £ 2 norm is one. Hence, 

A:>0 



Interestingly, inequality (|3.4| ) holds not only for block-diagonal matrices but also 
for block-triangular ones. To see this, we need the following fact. 

Theorem 3.3. Suppose that Q = {u s t} s ,t>o is a matrix which has a block- 
triangular structure {^lki}k,i>o, i-e-, &ki — for I > k. Then 



Proof. By adding if necessary zero rows or zero columns, we may assume 
without loss of generality that mj. = for k > 0. Consider first the case 
mk = nk = k, k > 0. This means that the matrix {a; st } S) t>o is triangular, i.e., 
uo st = for t > s. We have to show that 



s>0 

Put = {u st } < s<n,o<t<n- Note that {uj ss }o< s < n is the sequence of eigenvalues 
of the matrix fi( n >. Then (see [GK], Ch. 2, §3.3) 

n 

Y,\^s\ P <\P in) \\ P S p - 
s=0 

It remains to make n tend to oo. 

Suppose now that is an arbitrary increasing sequence of integers in Z + such 
that m Q = and = irik for k G Z + . Let Uk and be unitary matrices of size 
{mk+i — m k ) x (mfc+i — m^) such that the matrix U^kkVk is diagonal. Let U and 
V be the block diagonal matrices with diagonal entries equal to Uk, k > 0, and Vk, 
k > 0, respectively. Since we have already proved the result for scalar triangular 
matrices, we obtain 

E IWIi = E 11^*^*11* < ll^ll^ = IMk- ■ 

fc>0 fc>0 



Corollary 3.4. Under the hypotheses of Theorem \3.$ we have 

E \\^ki\\ P Sp <C(n,p)\\n\\ p Sp , 

k—l=n 

where C(n,p) is a constant that can depend only on n and p. 
Proof. The result follows from theorem |373 by induction on n. 



Theorem 3.5. Let < p < 1 and let p# be defined by ( |3.1|) . Suppose that the 
block-matrix {£lki}k.i>o is block-triangular, i.e., Qm = for k < I. Then 



E ll^^fe ■• - i --nan, 



< \Q\ 
p — ii iiv->ip 



fc>0 



Proof. Theorem [O] allows us to repeat word by word the second part of the 
proof of Theorem 3J2. ■ 

Corollary 3.6. Let < p < 1. Then for any positive integer N we have 

0<l<k<l+N 

for some C(N,p) depending only on N and p. 

Proof. The result follows easily by induction on N. ■ 

We obtain one more useful result on the Schur multiplier norms of sums of 
matrices. 

Recall that for p e (0, 1), the number p # is defined by ( |3.1|) . 

Theorem 3.7. Let < p < 1 and let {^}z>o be an increasing sequence in Z + 
with uq = 0. For a matrix A = {ajk}j,k>Q consider matrices A\ = | a jfe| 
I > 1, defined by 



j,k>0 



(0 



ajk, <j< n h 

0, otherwise . 



Then 



i/pb 



< 



,,Pb 



J>1 



Proof. Consider sequences x = {%j}j>o an d y = {yk}k>o m £ 2 of norm one. We 
have to estimate \\{o>jkXjyk}j,k>o\\s p - Clearly, 

p 



jk%jyk }j, 



< 



E 

1>1 



(0 

a jk X jVk 



j,k>0 



Denote by y 



(I) 



(0 
Vk 



by 



fc>0 



I > 1, the finitely supported sequence in £ 2 defined 



Clearly, 



f (0 

\ a )k X 3 



Vk 



(0 



j,k>0 



Vk, m-i <t <n h 
0, otherwise . 



< 



(0 

l jk 



j,k>0 



>0 



«2 



Using Holder's inequality with exponents 2/(2 — p) and 2/p, we obtain 



\\{a jk Xjyk}. 




which proves the result. ■ 

We complete this section by a description of the closure in 9Jt p of the set of 
matrices with finitely many nonzero entries. We consider the following sets: 

c 00 (Z 2 + ) = {{a st } s j>o : a st = except for finitely many pairs (s,t)} 

and 

c (Z 2 + ) = {{a st } Stt>0 : lim a st = 0}. 

We also denote by 9Jt° the closure of coo(^+) in the space 9Jt p . Clearly, 
971°, C 9Jt p n Co(Z* ). It is obvious that = Cb(Z+). With any matrix 
^4 = {a s (} sj > and positive integers m and n we associate the matrices 

A m,n = {o m,»J- ^ defined by 

a m,n = f a st , s > m, t > n, 
st 1 0, otherwise . 

For A G 9Jt p it is easy to see that A e 971° if and only if lim A m,n = (in 
the space 9Jt p ) (in fact it can easily be shown that if 

lim A°' n = 0, lim A n '° = and lim A"' n = 

in the space 9Jt p , then A e 971°). 

It is clear now that if e 9Jt p for an analytic function ■?/>, then 

lim ||r(5*)u^|| S m = 0, 

where S* is backward shift , (S*f)(z) = (f - f(Q))/z. 

Using the fact that the 9Jt p -norm is not equivalent to the £°°-norm for p ^ 2, we 
may construct a sequence of finite matrices {Ak}k>o such that || || = 1 for all 
k > and lim ||A fe ||^oo = 0. (Naturally, for a matrix A = {a st }o< s ,t<j by ||A||#x> 
we mean 

sup{|a st | : < s, t < j}). 
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If we consider now the block-diagonal matrix 



fi 



( A 

At 

A 2 

V : : i 



then it is easy to see that fl 971° and fl G 9Jt p fl Cq{I? + ) if p > 1. Consequently, 
971° ^ 0Jt p n co(Z^) for p G [1, 2) U (2, +oo). 

Surprisingly enough for p < 1 the situation is quite different. 

Theorem 3.8. LetO <p<l. Then Wl° p = Wl p n c {Z\). 

As before, with a matrix fl = {uj s t} s ,t>o and an increasing sequence {n k } k >o we 
associate the block-matrix {Qki}k,i>o defined by ( |3.3| ) with m k = n k . 

Proof. Let fl = {uj st } s , t >o G c (Z 2 + ) n 97t p . Suppose that fi ^ 971°,. We may 
assume that dist(fi, 9Jt°,) > 1. Clearly, fi-fi n - n = (fi - fi™'°) + (fi n -° - fi n >") G 971° 



Hence, ||fi r 



|9ttp 



> 1 for any n > 0. It follows that for each m G Z + there exists 



a positive integer d such that 



> 1. 



m<s,t<m+d || yjlp 

We can construct now by induction an increasing sequence {n k } k >o such that 
n = and ||fifcfc||rmp > 1 for all k G Z + , and 



and 



| fi 0,n fc+1 _ fi n fc +l,n fc+1 ||^ < T k , 



- fi nfc + 1 ' nfe+1 || OTp < 2" 



fc > 1 



fc > 1. 



(3.5) 
(3.6) 



Consider now the matrix fi = {uJ s t}s,t>o so that 



Vst, n k < s < n k+1 , n k <t < n k+1 , 



0, otherwise . 
It is easy to see that 

fi = fi - (fi°' nk+i - n n * +1 ' n *+i) - (n n *+i'° - fi n H-i."*+i) 
fc>i fc>i 

and since by fl3"T5|) and 



n k +l,n k+1 I IP 



Z__/ II II Sp 



k>l 



fe>l 



it follows that G 9Jt p which contradicts Theorem [T2 



ll 



4. Hankel— Schur Multipliers 



We study in this section Hankel-Schur multipliers of class S p for < p < 1. 
We obtain various sharp necessary conditions and sufficient conditions. Then we 
obtain a characterization of the Hankel-Schur multipliers of S p for Hankel matrices 
whose symbols have lacunary power series. 

We start with the following lemma that has been proved in [Pel3]. We give the 
proof here for completeness. 

Lemma 4.1. Let ip be an analytic polynomial of degree m — 1. Suppose that 
< p < 1 . Then 

||r^|| OTp <(2m) 1 / P -i||^|| p . (4.1) 
Note that ( |4.1| ) can be rewritten in the following form 

||r^|k P <(2m) 1 / p #||^|| p , 

where throughout this section p# is always the number defined by ( |3.1| ). Naturally, 
if p = 1, we assume that p# = oo. 

Proof. We have to prove that for any B G S p , 

\\T^ B\\ Sp < (2m)^*\m p \\B\\ Sp . (4.2) 

In view of fll.lf) it suffices to show that ([4.2|) holds for operators B of rank one. 
Indeed, if B is an arbitrary operator, then we can consider its Schmidt expansion 
and apply (|4.1| ) to each term. 

Let Bx = (x,a)/3, x G £ 2 , where a = {a n } n > , (3 = {f3 n } n > . Let Q = e 2 ^ili 2m ) ) 
< j < 2m — 1. Define £ 2 vectors fj and gj, < j < 2m — 1, by 



0, k>m; n ' \ 0, n > m. 

We define the rank one operators Bj, < j < 2m — 1 , by 

B j x = (x,f j )g j , xef. 

Let us show that 

. 2m-l 

i=o 

Indeed, if k > m or n > m, then (Bjek, e n ) = ((T^ ★ -B)efe, e n ) = 0. On the other 
hand, if n < m and k < m, then 

(B iek ,e n )=ij(Q)a k p n g +k 

and 

((r^, ★ 5)e fc , e n ) = a k (3 n i)(n + fc). 
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Identity ( |4.3|) follows now from the equality 

~ 2m- 1 

4>(d) = —J2^(Q& 0<d<2m-l, 



3=0 

which is true for every polynomial ip of degree at most 2m — 1. 
We have 

||^-|| Sp <||a||, 2 ||/3||, 2 iV(Ci)l = m j )\-\\B\\ Sv . 
It follows now from (11.21) that 



2m- 1 

l|r ^ 5|l ^-(2^ l|B|l ^S l ^ )r (44) 

For t G T we define the polynomial ip T by i/j t (() = ip{ T 0- Let us show that 
||r^, T * B\\s p = * B\\s for all r G T. Indeed, this follows from the obvious 
equality 

IV *B = D T (T^ ★ B)D T , 

where D t is the unitary operator on £ 2 defined by D T e n = r n e n (here {e„} n >o is 
the standard orthonormal basis of £ 2 ). 

To complete the proof, we integrate inequality ( |4.4|) in r: 

» 2m— 1 „ 

= I W^r *B\\ldm{r) < j^- p \\B\\ p Sp £ ^ \MQ)\ P dm(r) 

9m 

= (^PirsJI^II^(2m)^||S|r s J|^||^ 

(m stands for normalized Lebesgue measure on T). ■ 

Remark. In the same way it can be proved that if ip is a trigonometric poly- 
nomial of degree m — 1 and < p < 1, then 

IM^^m) 1 /^ 1 ^ (4.5) 

(see [Pel3]). In particular, if F is any C°° function on R with compact support, 
then 

||r nm) K<C(p,F). (4.6) 
Clearly, (|4.6j) follows from (|4.5|) and 



Theorem 4.2. Let A G 971°. JTien 



lim A*T F{m) =F(0)A (4.7) 

m— >+oo 

in £/je space Wl p . 



Proof. The result follows immediately from Theorem ft.8|, inequality (^4.6|) , and 
the obvious fact that ( |4.7|) holds matrices A with finitely many nonzero entries. ■ 
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Corollary 4.3. Let A be a Hankel-Schur multiplier of S p . Suppose that 
A G VJlp. Then there exists a sequence {A m } m >i in coo(^+) such that A m is a 
Hankel matrix for every m and lim A m = A in the space VJl p . 



-OG 



Proof. We can consider a C°° function F with compact support and such that 
F(0) = 1. Put now A m = A* Fr,. The result follows now from Theorem [4.2| . ■ 
The following consequence of Lemma |4.1| has also been obtained in [Pel3] : 

||r^||5 p <2 1 / p - 1 m 1 ^||^|| p (4.8) 

for any analytic polynomial ip of degree m — 1. Indeed, to prove Q4.8|) , it is sufficient 
to write 

lliVHs, = HrVQ^u^ < IIQ^HsJir^n^ = m||r^||a^ 

and apply Lemma P~T| Recall that Q( m_1 ) is defined by (|0 



We need the following consequence of the description of the Hankel operators of 
class S p stated in §2. 

Theorem 4.4. Let < p < 1 and let ip be a polynomial such that 

= unless 2^ <j< 2 n+1 . 

Then 

d P 2 n ^\\ p <\\T4s p <D p 2 n /v\m p (4.9) 

for some constants d p and D p not depending on n. 

Proof. The right inequality in (|4.9|) is an immediate consequence of (|4.8| ). To 
prove the left inequality in ( |4.9|) , we apply the description of Hankel operators of 
class S p stated in §2. Clearly, under the hypotheses of the lemma, ip * V 3 ; = for 
j < n — 1 and for j > n + 1. It follows that 

||r>||^ > const2 n (||^*K-i||^+||^*K||^+||^*K + i|l3 

> const2 n ||^*(K-i + K + K+i)||^ 

(the second inequality is an immediate consequence of the triangle inequality in 
L p ). Now it remains to observe that under the hypotheses of the theorem 

4>*(y n - 1 + v n + v n+1 )=ii>. ■ 

Remark. It is easy to see that Theorem \4-4j can also be stated as follows. If ip 
is a polynomial such that 

■i>(j) = unless N <j < 2N. 

Then 

CpN^WpKWT^Ws^CpN 1 ^ 
for some constants c p and C p not depending on N . 
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Let us now obtain lower estimates for ||r^,||»m . Consider an infinitely differen- 
tiable function r whose support is contained in [1/2, 2]. We define the polynomials 
R n by 

k 



RJz) 



fc>0 



(4.10) 



Theorem 4.5. Let < p < 1 and let r be an infinitely differentiable function 
such thatsuppr C [1/2,2]. Then 

\\T4m, > const 2"^- 1 ) ||^ * R n \\ p = const 2 n / p *\\iP * i? n || p . 
where the R„ are defined by (|4.10 ). 

Note that the constants here and thereafter do not depend on n. 
In particular, if we apply Theorem 4J3 to the polynomials V n defined in §2, we 
obtain 



IIVK > const 2 n /**\\il>* Klip- 



(4.11) 



Proof. We have 



irvllarip — 



ir 



ip*R n \ \S P 



By Theorem 4.4 



4>*Rn \ \S P 



ir 



> const 



Finally, by (p|), 



Rn 1 1 



IITrJI 

11^ * Rn\\p 
1 1 Rn 1 1 P 



^* R f P > const 2 n(1/p " 1) 11^*^^ = const 2 n/p * \\if; * i? n || p 
1 1 -^Vi 1 1 p 

which completes the proof. ■ 

Now we obtain a sharp estimate for the multiplier norm ||r^||«jj^ for if> satisfying 



the hypotheses of Theorem 4.4 



Theorem 4.6. Let < p < 1. Suppose that if) satisfies the hypotheses of Theo- 
rem 



4^4 - Then 



const 2" /p # 1| V Hp < \\ T 4m P < const 2" /p # 



(4.12) 



Proof. The right inequality in (|4.12|) follows from Lemma 4~T. The left one 
follows easily from Theorem [4.5| but we give here a more elementary argument. 

Consider the matrix Q = f Q < - 2 ™ +1 * ) defined in ( |1.5|) . Clearly, rankQ = 1 and 
||<5||sp = 2 n+1 . On the other hand it is obvious that Y^-kQ = Y^, and so 



4'WOKp 



> 



Q\\Sp 



2 - " -1 ||r^|| Sp > const 2~ n 2 n/p 
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by ( |4.9|) which completes the proof. ■ 

Remark. As in the case of S p norms it is easy to see that Theorem {(.dj can 
also be stated as follows. If ip is a polynomial such that 

= unless N < j < 2N, 

then 

c v N l ' p * U\\ p < ||r>||^ < CpN 1 ^* u\\ p 

for some constants c p and C p not depending on N . 

Recall that for any analytic function ip in © we have an expansion 



^ = J2^*V n . (4.13) 



n>0 



Theorem |4l] gives a sharp estimate for the norm of 1^*^ m S^V Roughly speak- 
ing, Theorem ^]6| resolves the problem of describing the Hankel-Schur multipliers 
"locally" . We can obtain now the following "global" upper and lower estimates. 

Theorem 4.7. Let < p < 1 and let if) be a function analytic in D. Then 

const- sup 2 n{1 -^\\^*V n \\ p p < < const ^ 2 n ^ * V n \\ p p , 

nez + (4.14) 

and so 

(b 1 J p *) + CW: T^e Tl p } C (B l JZ*) + . (4.15) 

Proof. The left inequality in ( f4.14| ) is an immediate consequence of Theorem 
O), while the right one follows easily from ( |4.13| ), Lemma J]T, and inequality 
(TT^). Finally, ( |4.15| ) follows immediately from ( [4.14D and the definitions of the 
Besov spaces given in §2. ■ 

Note however, that the above necessary condition and sufficient condition do 
not lead to a description of Hankel-Schur multipliers of S p whose symbols have 
lacunary Taylor series. 

It follows from Theorem |4.7| that if {^j}j>o is an Hadamard lacunary sequence 
of positive integers, i.e., 



n 



•j+i 



> p > 1 for some p and for j > 0, (4-16) 



and ip = ^2 ^jZ n \ then 



const sup nj v * \\f\ < ||r^,||srrip < const n^ p * (4-17) 



In other words, 

i p C {{nV^lA^I}^ : G M p ] C V = ^V % ' 
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We are going to show in this section that 

{K /P# |A,|};>q : r> G 97t p } = £*>*, $ = ^ \ k z n K 

First we obtain other sufficient conditions and necessary conditions. In particu- 
lar, we improve the sufficient condition given in Theorem 4/7 . 
The following sufficient condition will be deduced from Theorem 



Theorem 4.8. Let < p < 1 and let p# be defined by (|3 . 1|) . Suppose that 
<p G B X j£*. Then T^eWl p . 



Proof. This is an immediate consequence of Theorem [O] and the description 
of the Hankel operators of class (see §2). ■ 

Note that none of the sufficient conditions given by Theorems f£7| and |4.8| implies 
the other one. 

We are going to obtain other sufficient condition later in this section. Meanwhile 
we obtain a necessary condition for to be in 9Jt p for a class of functions ip whose 
Taylor series have certain intervals of zeros. 

Theorem 4.9. Suppose that < p < 1 and p# is defined by ( |3.1| ). Let {£k}k>o 
and {t]k}k>o be sequences of positive integers such that 

£k<Vk< 6+1, > d , and ^ < D 

Vk <U 

for some d > 1 and D > 1. Let if) be a function analytic in D such that = 

oo 

for j G" {J[£k,Vk)- If Tip G Tl p , then ip G Bpp* and 

fc=0 

WW B v, # <C7( P) d ) D)||r 1> || !Bt , 

where C(p, d, D) can depend only on p, d, and D. 
We need the following lemma. 

Lemma 4.10. Let m > 1 and N > be integers and let < p < 1. Suppose 
that f is a polynomial such that f(j) = whenever j < m or j > m + N. Consider 
the matrix A = {f(k + l)} <k<m+N,o<i<m- Then 

P <c(p,^\ m-^*\\A\\^ 



N 
in 



where C (p, —) depends only on p and 

Proof of Lemma |4.10| . Consider the infinite Hankel matrix 

r/ = {/> + i)W 
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and for i e Z + we define its submatrix A L = {/(/«+Z)}o<fc<m+Ar, tm <z<( t +i)m- Clearly, 
A = A. It is easy to see that IIAIIwv < ll^llav Indeed, it is easy to see that A L 
can be obtained from A by deleting upper rows and adding zero rows. By ( |1.3| ), 

i/p 



l r /llOTp < 



< 



EM- 


ip 

lOTp 






N \ 


1/p 


- + 2 
m } 





< 



N 



+ 2 Ml 



1/p 



since at most — 1-2 terms in the above sum can be nonzero. We have 

m 

f = J2f* v «= E f* v - 

k>0 {«:2"+ 1 >m} 

Consider the matrix Q( m+N ) defined by ( |1.5|) . We obtain 



l r /llartp > 



ir 



/II Sp 



ir 



/II s P 



\\Q (m+N) \\s p m + N+1 
By the description of the Hankel matrices of class S p (see §2), we have 

l|r/ll p Sp > c(p) 2K Wf*v K \\i 

{«:2 K + 1 >m} 



> 



l -C{p)m J2 Wf* v *W P p 



{K:2 K + 1 >m} 



1 



> ^C(p)m\\f\\^ 

where C(p) is a constant that may depend only on p, and so by ( 4.19 ). 

1 



Hence, 



m i/p 

M ^ " 2 Cip) m + N + l 



, ^ , . , i m + N + 1 . 

- 1 ^m-VP* + iV+1 m.- 1 /P# 



2(C( J5 ))- i m 



-m 



ir 



/llav 



(4.18) 



(4.19) 



The result follows now from ( 4.18|) . ■ 

Proof of Theorem |4.9| . Without loss of generality we may assume that 

1\ (d-1) 2 

1 - - £, > 2 and ^ -^-f, > 2 for any Z e Z+. 

a/ a 
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Put mi = Vi-i f° r ^ — 1) m o = 0) m ? = [| (l + ^) 6] > where [a;] denote the largest 
integer not exceeding x. By the above assumptions, mf > mi. 
Consider the matrix Q = {uj st } s ,t>o defined by 



ip(s + t), mi <t < m l , for some I > 0, 
0, otherwise . 



Clearly, ||fi||aj^ < 11^11^- 

Put nk = — for A; > 1 and no = 0. Let us show that n k < n k +i- Indeed, 



since ^"j- 1 £ k > 1 an d by the hypotheses of the theorem, d£k < 6fe+i- 

We associate with the matrix f2 and the sequences {m;};>o and {n k }k>o the 

block-matrix {OjuIa^o, see (|3.ci|). We are going to show that fl k i = for k < I. 
Indeed, suppose that k < I. Consider an entry u st of Q k i- If ^st 7^ 0, then the 

inequality t < m k+ i implies t < m£. Then taking into account that n k+ i < ni, we 

obtain 

r]i_i = mi < s + t < mf + m < 

and so A st = ip(s + 1) — 0. 

Let us show that we can find a positive integer N such that ni + N +mi > r\\ for 
all / G Z+. Indeed, since 

n^+jv > J ( 1 - 3 J 6+jv and > 
2 V dj rji 

it is sufficient to choose N so that 
By Corollary pT6| , 

^2 H^llSi - const IMlSv, - const lirvilav ( 4 - 2 °) 

0<l<k<l+N 

Given k, I G Z + , we can associate with the matrix Q k i the infinite matrix 
&ki = {&st}s,t>a so that 



u st , n k < s < n k +i, mi < t < m i+1 , 
0, otherwise . 



l+N u 

Consider the matrices ^2 ti k i and 

)4» 45. f 



5; — <s<r]i —mi , mi <t<rn? 
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It is easy to see that 



< 



l+N 
k=l 



kl 



an,, 



since tii + n > T]i ~ m i- Moreover, 



l+N 
k=l 



kl 



an,, 



Z+iV 



< 



fc=Z 



where C (p, N) is a constant that may depend only on p and N. 
Put 

j=6 



i II scrip 



By Lemma |4.10|, we have 



< c(p,d, D)J2\\n 



l>0 



l>0 



l+N 



il>\\Mp 



l>0 k=l 



by (|4.20|) , where c(p, d, D) can depend only on p, d, and D. Note that the constant 
in the conclusion of Lemma 4.10 can be chosen independent of /. Indeed, this 
follows from the inequality 

Vi - m i 



m 



9 



< const 



which in turn follows from the fact that mf — mi > ~ (l — i) ^ for sufficiently 
large /, and so rji — mi < rji < 

To complete the proof, it is sufficient to use the definition of the Besov space 
B^p* given in §2. ■ 

Remark. Note however that for an arbitrary analytic function if) the condition 

r^, G 9Jlp does not imply that ip ^vv# ■ Indeed, let if) — Yl zK Clearly, 

i>o 

r^, * A = A for any matrix A, and so G 3Jt p for any p > 0. On the other 
hand ip * V n — V n for any n > 0. By (|2.2|), 



c2~ n/p * < \\V n \\ p < C2- n/p *\\V n \\ p , n>0 
for positive constants c and C. Thus 



E 2 ' 

n>0 



* V r 



|P# 



n ||p 



OO, 
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and so ip $ Bp( p p * (see the definition of Besov spaces given in §2). In fact among 
the Besov classes Bpi P * , < r < oo, the function ip belongs only to B^* . 



Corollary 4.11. Under the hypotheses of Theorem {^.fJj the condition T^, G 97t p 
implies that G 031° 



Proof. In view of Theorem |3.8| it suffices to prove that lim ip(j) = for any 

Let us first show that if ip G {^B^Z* j , then {ip(j)}j^z + G Suppose that F 

is a C°° function on E such that suppF = [-1/2, 1/2] and F(0) = 1. It follows 
easily from the definition of Besov spaces given in §2 that 

U*(z n F (n) )\\ p HP < const -mP- 1 , 

where Fi n ) is defined by (|2.1| ). Clearly, the nth Fourier coefficient of ip * (z n F^) 

is ip(n). It remains to observe that \f(n)\ p < (n + 1) 1_p ||/||^p for any n > 0, see 
[Pr], Ch. II, §11. 

To complete the proof, we observe that B^ v p * C B^JZ* and the polynomials are 

dense in B X J P P * (see the definition of Besov classes given in §2). ■ 

Note also that to make the conclusion that the condition G 9Jt p implies that 

ip G B X J P V * , it is not necessary that ip has many large intervals on which ip is zero. 
Indeed, the following result can easily be deduced from Theorem |4.9| . 

Corollary 4.12. Let Q > 1 and a < b < aQ. Suppose that a function ip 
satisfies the conditions 

oo 

ip(j) = 0, if j is even and j G [J [aQ k ,bQ k ] 



k=0 



and 



4>(j) = °> */ j ls odd and J e U [ b Q h i a Q k+1 ] ■ 



Proof. Clearly, 



k=0 

Then ip G b\! v p * and \\ip\\ i/ P# < (7(^)1^^11^, where C(p) may depend only on p. 

Bin - 



|rv(-2)llOTp — llT^llanp- 



Put f(z) = (ip(z) + ip(-z))/2 and g = ip - f. Obviously, 1^/11^ < const HT^Ion,, 
and j| T 5 1| scrtp < const ||r^,||«j)t^. It remains to observe that both / and g satisfy the 



hypotheses of Theorem 4.9. 



The following result shows that Theorem |4.9| admits a converse under a more 
restrictive condition on the sequences {£fc}fc>o and {r] k } k > . 
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Theorem 4.13. Let < p < 1. Suppose that {£,k}k>o and {r] k } k > are sequences 
of positive integers satisfying the condition 

W^^ + ^Y^oo. (4.21) 
fc>i V % / 

Suppose that ip is a function analytic in D and such that ip(j) = for 

fc=0 



Note that if we could prove that the conclusion of Theorem |4.13| holds for any 
sequences {£,k}k>o and {rj k } k > satisfying the hypotheses of Theorem [0| it would 

follow from the definition of Besov classes given in §2 that the condition ip £ Bpp* 
is sufficient for 6 97l p for and arbitrary ip. 

Proof of Theorem [4.13j . It is easy to see that ( [4.2 1|) implies that 3rj k -i < 6c 
for sufficiently large k. We may assume that this is true for all k > 1. Put 

We define the matrices A k = {o^J-^o, 5 fe = {^j-^o, and C fc = {7;? } S)t > 
as follows: 

^(s + t), Vk-i < s,t < r] k , k>Q 
0, otherwise , ~~ 

-t), < s < 77fc_i, 77jfe_i <t <r] k , k> 1 
otherwise , ~~ 

■ Jfc-i < s < rj k , < t < 77fc_i, fc > j 
otherwise , ~~ 

Put A = ^ A fc , B = £ B k , C = J2 C k- Clearly, = A + B + C and 

fe>0 fc>l fe>l 

II^IIotp - ll^llanp + ll-^llaj^ + IICIIsv 





(fc) 






iff' 


_ J k 

I o, 



By Theorem 3.2 



fc>0 



It follows from Lemma |4Tl| that ||^4.fc||aji_, < const r\^ v * \ \i\) k \ | p , and so 

||A||S* < const 5>||rf # < ^nst U\\ p * 

k>0 pp * 

(see the definition of Besov classes given in §2). 
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Again, by Lemma ^1 
115, 



k\\Mp = llCfella^, < const(r? fc - £ fc + r)k-i) 1/p *\\'4>k\\LP- 

Recall that p\, is denned by ( |3.2|) . Applying Theorem |3~7l , we obtain 

Pb 



E B * 


Pb 


E c * 


k>l 


9ttp 


k>l 



fc>i 



k>l 



< 



E 

vfc>l 



Vk-ik+ Vk-l 



Vk 



1-Pb/P# 



Pb/p# 



< const 



E 

,fc>i 



Vk~ £k + Vk- 
Vk 



2 /P# X 



v fc>l 

!-Pb/P# 



7p# 



by Holder's inequality. ■ 

We obtain now one more sufficient condition which allows us to improve the 
sufficient condition in Theorem [L7| as well as Theorem |4.8| in the case p < 2/3. 
Recall that p\, is defined by ( |3.2|) . 

Theorem 4.14. Let < p < 1 and p < r < min{l,pb}- Suppose that 
ip G Bli p *. Then Y$ G 9Jt p . 

Proof. Consider the function v in the definition of the polynomials V n involved 
in the definition of Besov spaces. We can represent v as v = +v^ 2 ' +i>' 3 ', where 
the functions v ( m \ m = 1, 2, 3 are nonnegative infinitely differentiate and 



suppw (1) C [1/2,1], suppt/ 2} C [3/4,3/2], supp v ( ' S) C [1, 2]. 



,( 2 ) 



(3) 



Put 



fc>l ^ 



z , n > 1, m = 1, 2, 3. 



Then it can be seen from the definition of Besov spaces that the functions 



m = 1, 2, 3, 



k>l 



belong to E>ll P * and 



i/j = xj) * V" + + ^ (2) + ^ (3) - 



We prove that r^( 2 ) G 3Jl p . The facts that G 97l p and I\(3) G 97l p can be 

proved in the same way. 
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Moreover, we split ip^ in two functions 

5>*V1 2) and J>*Vil. 



k>l k>l 



We consider only the first function and it will be clear that for the second function 
the proof is the same. 



oo 

k o Ak\ 



In view of the said above we may suppose that ip(j) =0 for j ' ^ (J (4 , 2 ■ 4 

fc=i 

Put n k = 2 ■ A k for k > 1 and n = 0. Put 



2-4 R 



j=4 k 

The condition that ip G Br^ # means that 

^4 fc ^#||^,||^ <oo. 
fc>i 

We define the matrices A k = {a^} Sit > , B k = {/3^'} Stt > , and C k = {%t'}s,t>o 
as follows: 

u (k) _ j ip(s + t), n fc _i < s,t < n k , k>1 
0, otherwise , ~~ 

R {k) _ \ i>(s + t), < s < n k -i, n k ^ x <t <n k , , , 
Pst \ 0, otherwise, " ' 

„(*)_/#+*), < s < njfe, < t < n fc _i, fc>1 

\ 0, otherwise, ~~ 

Put A = A k, B = B k, C = £ C k- Clearly, = A + B + C and 

fc>l k>l k>l 



ir^H^ < ||^4||^ + H-Bllgj^ + 



By Theorem [O 



k\\mp- 

k>l 



It follows from Lemma 4.1 that 



l^fcllanj, < const n k /p * \\ ip k \\ p < const n k /p * \\ip k \\ r , 
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and so 



l^llajfe — const n k \ 



lj k\\r* 



k>\ 



< const | ? 

\fe>i 

< const 



r t>/p# i 



p#/n, 



in 



(see the definition of Besov classes given in §2) because ^- > 1. 

Clearly. H-BHsr^ = ||C||gj^- To estimate the norm of B, we consider sequences 
x = {x s } s > and y = {y t }t>o in ^ 2 of norm one. 

Let B = {Pst} s ,t>o- We have to prove that 



\\{(3stX s yt}s,t>o\\s P < const 



/p#- 



We may assume that x s > for all s > 0. Denote by y^ = {yt^}t>0i k > 1, the 
finitely supported sequence in £ 2 defined by 



Vt 



(k) 



Vt, Vk-i <t<rj k , 
0, otherwise . 



Put 5 = 2(J - i). Clearly < <f < 1. Note that 



JV-l 



1-5 



s=0 



s=Q 



Let us first estimate || {frst^ 5 yt}s,t>o\\s r - Clearly 



k>i 



and 

We have 



' s,t>0 



It follows from Lemma fO| that 



< 



k>i 



s,t>0 



s,t>0 



< const „f || {fa 



\v (k) \\ 
\y We 2 



< const n 
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,(*)! 



Hence, 



{Pstx^ 5 y t } 



s,t>0 



< const 



k>l 



r /P# I 



,(*)| 




l-r/2 



n/p# 



l|V>A 



/p # - 



It remains to observe that ||{/3st^2/J s ,t>o|| Sp < yJs,t>o|| Sr - ■ 

Corollary 4.15. Let < p < 1 and fei V e (^S*) . T/ien G 

Proof. The result immediately follows from Theorem [4.14| if we put r = p 
Note that Corollary |4.15| improves the sufficient condition in Theorem |4~7 . 



Corollary 4.16. Let < p < 2/3 and Zet ^ G = 



Then 



G OJlp. 



Proof. Put r = pi,. Since p < 2/3, r < 1. Now the result follows immediately 
from Theorem |4.14| . ■ 

Note that Corollary |4.16| improves Theorem in the case p < 2/3. 

We obtain another sufficient condition for to be a Schur multiplier of S p . It 
follows from results of Bozejko [Bo] that if ip G -B200' then G DJli (see also [Pis2] 
where a proof of Bozejko's result is given). We use the method of [Pis2] to prove 
the following result. 

Theorem 4.17. Let p G (0, 1] and let ip G B%££ . Then G M p . 

Proof. The case p = 1 is just the theorem of Bozejko. Consider the case p < 1. 
Then p^ < 2. Let a n = f ip(n), n G Z+. We define the matrices {otj~ k }j t kez + and 

otherwise , 



]k 



and 



0. 



a j+kj j < fcj 

0, otherwise . 



Let us show that {(*tk}j,kez + £ S^V Consider sequences 



x 



{xj}j> and 



{yfc}fc>o m ^ 2 of norm one. We have to estimate ||{Ojfc^j?/fc}j, 



y 

in the proof of Theorem |3.1| it is easy to show that 



\{a%Xjyk}j,k>o\\ Sp < \\{a%Xj}j,k>o\ 
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j,k>0\ 



k>0\ 



As 



Thus it suffices to estimate {at fc a^}j,fc>o L • We have 



2 OO / j \ 2 



«>j^>oir s b Bk < E (E n 2 k-+*i 2 ) = E N Pb I E K'+*i 2 ) -( 4 - 22 ) 

1/2 



j=0 \k=0 / j=0 \fc=0 



!, ] / 2" +1 -2 

Let A n = [ Yl \ a k\ 2 1 ,neZ + 

^fc=2"-l 



Clearly, 5] |a i+fc | 2 <X 2 n + X 2 n+1 if 2 n - 1 < j < 2 n+1 - 1. Thus (Q) implies 



fc=0 



IPb 



OO 

* E 


/ 2 «+l_2 


n=0 


\i=2"-i 


OO 




* E 

n=l 





(4.23) 



Since p < 1, we have by Hardy's inequality 

n-l \ 2 M 



Consequently 



n=l \ j=0 / j=0 



oo / 2"-l \ 2 /Pb oo 

E 2_nPb/p# E N Pb ^ °(p) E i^i 2 = G (p)- 

n=0 \ i=0 / j=0 

It follows now from (|4.23| ) and Holder's inequality that 

/ oo \ !-Pb/2 

IKa^iWii; < c(p) E 2 " A " # ^ ^winrw 

\n=0 / 

Hence, {a^ k }j t kez + G 97t p . In the same way one can prove that {a.J k }j ) k&+ G 9R P - 
This completes the proof. ■ 

Note that Theorem |4.17| improves Theorem [4.8| in the case p > 2/3. 

We have obtained various sharp necessary conditions and sufficient for to 
be a Schur multiplier of S p . However, it remains unclear whether the condition 

ip G £>pp# # itself is sufficient for G 9Jt p . 

Let us obtain now one more condition under which G 97t p whenever G VJt p . 
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Lemma 4.18. Suppose that < p < 1 and if) is a function analytic in D such 
that G 50Tp. Let m, n fee nonnegative integers such that m < n. Then 



(n)\ < 



ni 



n — — nm ^ ' 



1- p 

2- p 



lr ll 2_p 
I 1 V'llartp • 



(4.24) 



j=-m 



Proof. It suffices to consider the case m = n since ||r(5*w-m^||gj^ < ||r^,||gw. 
Consider the matrix Q^ n \ see (1.5). Clearly, 

n 

l|rVQ (n) || 2 S2 = X> + l-|j|Mn+.7)| 2 . 

j=-n 

It is easy to see that 

n 



|r^*QW|| Sl > 



3=0 



n + l)|$(n)|. 



Consequently, 



+ 1)1-0(^)1 < ||r^*gW|| ft <||r^*QW||^||r^*gW||^ 



2-p 



< 



X> + 1 - j) h?(n + j)| 2 ((n + l)||r>|K) 2 - 



Vj=-n 



which implies ( |4.24j ) . ■ 

For a subset A of Z + we denote by p(A) the density of A, 

card([0,n] n A) 



p(A) = f limsup 



n + 1 



Theorem 4.19. Suppose that < p < 1 and ip is a function analytic in D swc/i 
t/iat r^, G 9Jt p . Let 

A = {£; G Z+ : ^(/c) ^ 0}. 
Suppose that p(A) = 0. TTien G 971°. 

Proof. It suffices to observe that Lemma f4.18| implies that lim = and 

apply Theorem |3.8| . ■ 

Remark. Note that for p > 1 the situation is quite different. Indeed, if 
ij)(z) = I]/, then G 9Jl p \ 971° for all p > 1 and p(A) = 0. Note also 

fc>0 

that for i){z) = £ z kN we have G M p \ Wl° p for all p > and p(A) = 1/JV. 

fc>0 

We proceed now to a characterization of the Hankel-Schur multipliers of S p , 
< p < 1, for Hadamard lacunary power series ip. 
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Theorem 4.20. Let < p < 1. Suppose that {nj}j>o is an increasing se- 
quence of integers whose terms can be represented as a finite union of the terms of 
finitely many Hadamard lacunary sequences. Let ip is a power series of the form 



i>o 



Then G 9Jt p if and only if 



e l v *. 



(4.25) 



Recall that we always assume that p# is defined by ( |3.1| ). 

Proof. Suppose that (|4.25|) holds. It follows easily from the definition of Besov 



spaces given m §2 that ip G Bl ! J*. It follows now from Theorem |4.8| that V 



G DJl p . 



The converse follows from Theorem fO and the following lemma 



Lemma 4.21. Under the hypotheses of Theorem \^.2(\ there exist sequences 
{£fc}fc>o an d {i]k}k>o satisfying the hypotheses of Theorem such that 



n j e {J[£k,Vk)- 

fc>0 



(4.26) 



Let us first complete the proof of Theorem [4.2U| . By Lemma |4.21| and Theorem 



Q| , ip G Bp^p*. It is easy to see from the definition of Besov spaces given in §2 
that for t/> as in the hypotheses of Theorem [4.9| this is equivalent to (4.25). ■ 

Proof of Lemma |4.21| . Without loss of generality we may assume that n$ > 0. 
Suppose that the set {n^}, k > 0, is the union of the terms of N Hadamard lacunary 
sequences each of which satisfies ( |4.16|) with the same number p > 1. Note that 
for any j > at least one of the numbers 



n 



■j+i nj+2 



n 



n ; 



3+1 



'j+N+1 
n j+N 



is greater than p l / N . Indeed, assume the contrary. Then there exist i\ and ii such 
that 

1 < i\ < l 2 < N + 1 



such that Uj +Ll and Uj +L2 are terms of the same sequence satisfying (|4.16|) which 
is impossible since (p 1 ^) 



Denote by M the set of al j G Z + for which 



a±i > i/n 



Clearly, M is an infinite 



set. We can enumerate the elements of TV by the increasing sequence {rjk — l}fc>o- 
If rij G N and rij = rjk-i, we define £k+i = Finally, we put £o = 1- It is easy 

to see that 

Vk+i - 1 



Vk 



> P 1/N , 



whence 



Vk + i , P 1/N + 1 
Vk 2 
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Clearly, the sequences {£fc}fc>o and {r]k}k>o satisfy the hypotheses of Theorem |4[£ 
and QQ6D holds. ■ 

We conclude this section with a result on "semi"-Hankel-Schur multipliers of 
class S p , < p < 1, whose symbols have Hadamard lacunary power series. 
For a function ip — J] ^{rri)z m we put = {ajfc}j,fc>o, where 



i>o 



We also put 



i>{j + k), j > k, 
0, j < k. 



p+ dcf p _ 

L ip — L i> 1 if)- 



Theorem 4.22. Let < p < 1. Suppose that ip = ip(ni)z ni , where {n;};> 

j>o 

is an increasing sequences of positive integers such that no > and ni + \ > 2n«, 
/ G Z+. T/ten 

lir^iianp < l|r^||^# 

where p# = p/(l — p) . 

Here for a matrix £> = {/3jfc}j,fc>o by we mean ^ \Pjk\ p# J for 

\j,k>0 J 

p# < oo and sup for p # = oo. Note that ||ri||^# is equivalent to the norm 

of the sequence {n l J p * ^{ni)} in £ p #. 

We need a well-known inequality for S r norms of matrices. Let A = {a,jk}j,k>o 
be a matrix in S r , < r < 2. Then 




< \\A\\ r = \ | %& r • (4.27) 



Indeed, for < r < 1 inequality (|4.27|) is an immediate consequence of (|1 . 1| ) , for 
r = 2 we have equality, and for 1 < r < 2 the result follows by interpolation. 

Proof of Theorem |4.22| . Consider a matrix A = {ajbk}j,k>o of rank one and 
assume that ||{aj}j>o||^ 2 = ||{^fc}fc>o||£ 2 = 1- Consider the matrix X = {xjk}j,k>o 
such that 

J aj\i, j + k = ni for some k < j, 
j7c ^ 0, otherwise, 

where A; = f ip(ni). 

It is easy to see that the matrix X is well-defined, since there can be at most 
one such a number k. Indeed, if j + ki = and j + k 2 = ni 2 and h < h, then 
j > *2 > n ^ anc i we a contradiction. 
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Let Y be the diagonal matrix with diagonal sequence {bk}k>o- 
that 

XY. 



It is easy to see 



Hence, 



\XY\ 



< \\X\ 



\Y\ 



s 2 



\X\ 



(recall that p\, is defined by (|3.2j)). 

Let us now estimate ||X||s p . Consider the set Q of positive integers j for which 
there exists k < j such that k + j = m for some I G Z + . For j G Q we define /(j) 
so that /(j) < j and l(j) + j = n t . We have by Q4.27Q 



no- 



pi, 



< 



< 




\,\ p * 



ni + 1 



2-2p 
2-p 



— iir-|i Pb 
by Holder's inequality. Therefore ||T 



< lir 



ip\\e p #- 



Note that if nj+i > 2rii, I > 0, then in a similar way one can prove that 

l|r^||ar%, < l|rv||^#. 

Theorem [4.22| straightforwardly implies a description of the Hankel-Schur mul- 
tipliers of Si whose symbols have Hadamard lacunary Fourier series. This descrip- 
tion is well known (see [Bo], [Pis2], and [LP]). 



Corollary 4.23. If p 

then lir^Harfc = II Yl 

Proof. 

obviously. 



1 and {ni}i>o satisfies the hypotheses of Theorem \4-23j, 



By Theorem 4.22 

ir 



ir: 



< II r: 



V>ll£Wi 



> lir 



■0 MSOTi i \\*-^\\£° 
for any function ip. I 



It remains to observe that 



Corollary 4.24. If ip and {ri/}/>o is a sequence whose terms are the union of 
the terms finitely Hadamard lacunary sequences, then G DJli if and only if 

{^(nj)}i>o e £°°. 

Proof. We have to prove that if {V'(^z)}z>o ^ then G fXH\. The converse 
is obvious. Clearly, we can represents the terms of {ri/}/>o as the union of the 
terms of finitely many sequences each of which satisfies the hypotheses of Theorem 
4.22|. It is easy to see that it is sufficient to assume that the sequence {n/}/>o 



itself satisfies the hypotheses of Theorem [4.22| . By Theorem ^4.22| , it follows that 
T~eWli. Hence, rj e £0ti, and so 1^ G 97ti. 
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5. Toeplitz— Schur multipliers 



In this section we use the results of the previous section to obtain a description of 
the Toeplitz-Schur multipliers of S p for < p < 1. Since Wl p C it follows from 
the description of the Schur Toeplitz multipliers of Si (see §2) that if a Toeplitz 
matrix {tj-k}j,k>o is a Schur multiplier of S p for < p < 1, then there exists a 
complex Borel measure /joiiT such that tj = fi(j), j G Z. 

Let us introduce a class of measures. Let < p < 1. The class .M p is by 
definition the space of discrete measures fi on T of the form 

fi = ctj5 T p «j G C, Tj G T, the Tj are distinct, 




The main result of this section is the following theorem. 

Theorem 5.1. Let < p < 1. A Toeplitz matrix {tj~k}j,k>o is a Schur multi- 
plier of S p if and only if there exists \i G M. p such thattj = fi(j), j G Z. Moreover, 
in this case 

\\{tj-k}j,k>o\\wip = IMIav (5.1) 

Proof. The fact that the condition \i G M. v implies that {/t(j — k)}j t k>o G VJt p 
is very simple. Indeed, consider first the case when \i — 8 T for r G T. We have by 
(|2.5| ), fi(j — k) = f^r k , and it is easy to see that \\{fi(j — /c)}j,fc>o||9Jtp = 1- Now if 
fi is an arbitrary measure in A4 P of the form fi = Ylj a j^T J , then it follows from 
(O) that 



i j (5.2) 

To prove the converse, we have to work harder. First we consider the class of 
Laurent matrices. These are two-sided infinite matrices of the form {tj-k}j,k&- 

We can consider two-sided Schur multipliers of class S p that can be defined in 
the same way as one-sided: A = {a,jk}j,kez is a Schur multiplier of S p if 

A* B = {ajkbjk}j,kez 

is a matrix of an operator of class S p on the two-sided sequence space £ 2 (Z) when- 
ever B = {b jk } j:keZ G S p . 

Lemma 5.2. Let {tj}j^z be a two-sided sequence of complex numbers. Then 
{tj~k}j,k>o is a Schur multiplier of S p if and only if {tj-k}j,k& is. Moreover, 

\\{tj-k}j t k>o\\w^ = \\{tj-k]j,k&\\'Sl P - 
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Proof. Suppose that the Laurent matrix {tj^k}j,kez is a Schur multiplier of S p . 
Consider a matrix B = {bjk}j,k& £ S p such that bjk = whenever j < or k < 0. 
It follows that the matrix {tj-fcfyfc}j,jfc>Q belongs to S p , and so the Toeplitz matrix 
{tj-k}j,k>o is a Schur multiplier of S p with 1 1 As }^%fc>o 1 1 £0%, < ll{V-*}i.*ez||sv 

Conversely, suppose that {tz-sj^fc^o is a Schur multiplier of Sp. Consider the 
matrices R n = {r^, }j,kez, n>0, defined by 

(n) _ / tj-k, j >~n, k > -n, 



r i k ~y 0, otherwise 

It is obvious that ||i2n||aj^ = ||{*i-fe}i,fe>o||m^ for any n G Z + . It is also obvious 
that 

R n *B -> {£,--jfc}j,fc e z * ^ for any 5 G S p , 

and so {ij-fcjj.fcez G 9Jtp and llOj-fc/j.ftezllani, = ||{*j-fc}j,fc>o||ajtp- ' 

Lemma 5.3. Lei {^-fc}j,fe>o a Schur multiplier of S p . Then for any m G Z 
i/ie matrix {tj-k- m }j,k>o is also a Schur multiplier of S p and 

\\{tj-k-m}j,k>o\\9Jip = ||{^-fc}j,fc>o||av 

Proof. By Lemma |5.2| , the Laurent matrix {tj^k}j,kez is a Schur multiplier of 
S p . This is obvious that this is equivalent to the fact that {tj-k- m }j ! kez is a Schur 
multiplier of S p and their 3Jt p quasi-norms are the same. Again by Lemma |5.2| , 
this is equivalent to the fact that {tj-k-m}j,k>o G ■ 

Lemma 5.4. Let {tj-fc}j,A;>o be a Schur multiplier of S p . Then the Hankel 
matrix {tj + k}j,k>o is also a Schur multiplier of S p and 



II (W j,fe>0 1| 9Jtp — || k}j,k>o\ 



9V 



Proof. By Lemma f>?2\ , {tj-k}j,kez £ 9DV Then its submatrix {tj-k}j>o,k<a is 
also a Schur multiplier of S p and 

||{^'-fe}j>o,fe<o||aj^ < IIOj-fc}j,ft>o||anp- 

Clearly, 

||{^+fc}j,fc>o||anj, = || {^j— fc }j>o,fc<o !l scrip 
which completes the proof. ■ 

Corollary 5.5. Let {tj-k}j,k>o be a Schur multiplier of S p . Then for anym G Z 
the Hankel matrix {tj+k-m}j,k>o is also a Schur multiplier of S p and 

sup ||{t J +fc-m.}j,fc>o||srn p < const . 

m 
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Proof. The result follows immediately from Lemmas 5^3 and 5A. ■ 
Consider now an infinitely differentiable even function to on K such that 

< uo(s) < 1, s G R, lu(s) = 1 for s G [-1,1], and supper = [-2,2]. We 

define the trigonometric polynomials fl n by 

*U*) = X> (|;) **> n>l. (5.3) 

Consider now a sequence {ijjjgz such that the Toeplitz matrix {tj-k}j,k>o is a 
Schur multiplier of S p for < p < 1. As we have observed above, there exists a 
complex Borel measure /ionT such that tj = j G Z. 

Corollary 5.6. Let < p < 1 and let fi be a complex Borel measure on T such 
that {fij-k}j.k>o is a Schur multiplier of S p . Then 

||// * n n \\ p < const 2 n(1 " 1/p) , n > I. (5.4) 



Proof. By Theorem [4.5| and Lemma |5.4| , 

||// * z 2 " +2 fi n || < const 2" (1 - 1/p) , n > 1. 

Inequality ( |5.4|) follows now from Corollary |5.5| . ■ 
We are going to deduce from (|5.4|) the fact that 



II a* * f\\p < const \\f\\p for an y / e Ll - ( 5 - 5 ) 

To prove that /t G A^p, it remains to use Oberlin's theorem [O] according to which 
( |5.5| ) implies that // G Alp. Note also that the proof of the fact that ( |5.4j ) implies 
that /i G M. p is essentially contained in Theorem 2.3 of [A2], however we proceed 
in this paper via inequality (|5.5|) and Oberlin's theorem [O]. 

We need two more lemmas. For a function (jonR and e > we put 

. def 1 fX\ ™ 

<p e (x) = -?{-)> X e R - 

Lemma 5.7. Let < p < 1 and 5 > 0. Suppose that ip is a real function in 
L J (R) n L P (M) and f ^(x)da; ^ 0. T/ien /or any function f G i/(R) n L P (R) there 

R 

exist «j G C, £j G (0, 5), and Sj £ R, j > 1, suc/i t/iat 



and 



/(&) =2^0^(3: - sj), (5.6) 

5^ Ia^l'eJ-' < C7(p, and £ \ aj \ < C(^)||/||i- (5.7) 

i>i i>i 

Moreover, one can choose Sj of the form Sj = 2~ n ' , rij G Z + . 
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Note that (|5.7|) implies that the series in (5.6) converges absolutely in L l and 
L p . Note also that implicitly this lemma is contained in [AK]. 

Proof. It suffices to prove that there exists o G (0, 1) such that for any 
/ G L X (E) n L p (R) there exist sequences a j G C, < Sj < 5, and Sj G R d 
such that 



dx < (1 — a 



and 



Y,\<z)- r <C(p,ip)\\f\\ r r, r = l,p. 



Clearly, it is sufficient to consider the case f = Xii where / is an interval in R 
(Xi denotes the characteristic function of /). Moreover, using translations and 
dilations, we see that it is sufficient to prove that there exists a non-degenerate 
interval / such that the above inequality holds for f = Xi- We may assume that 
J R ip(x)dx = 1. It follows easily from the Lebesgue dominant convergence theorem 
that 



lim t~ l 



(|1 - tp(x)\ r - l)dx = -r. 



Let us show that 

\\Xi -Mil < WxiWl, r = l,p, 
if I is sufficient large and t is sufficient small. We have 



(5.8) 
(5.9) 



\Xi~ttp\ 



\Xi\ 



/ 



+ 



\Xi( x ) — tf(x)\ r dx — \I\ 

(|1 - tcp(x)\ r - l)dx + f \tip(x)\ r dx 

Jr\i 

(\1 - t<p(x)\ r - l)dx 
(\t<p(x)\ r -\l-tip(x)\ r + l)dx 



where \I\ stands for the length of /. It follows now from (|5.8| ) that if t is small 
enough, then L(|l — t(p(x)\ r — l)dx < 0. Clearly, choosing / sufficiently large we 
can make the modulus of J R ^j(\t(p(x)\ r — |1 — t(p(x)\ r + l)dx as small as possible 
which proves (|5.9|) . 



It is clear from the proof that we can choose Ej to be of the form £~ 



2-*, 
rij G Z + . ■ 

In the following lemma we identify periodic functions on [0, 1] with functions on 
T via the map £(s) = e 2nsl , s G [0, 1]. Let now if be the inverse Fourier transform 
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of our function u defined after the proof of Corollary 5.5 , i.e., 

u (y) = j <p(x)e- 27Tixy dx, t/Gl. 
Jr 

Clearly, ip satisfies the hypotheses of Lemma \5.1\ . It is easy to see that 

S] n (i)=^^(i+j), ace [0,1]. (5.10) 

Indeed, if fl n is the periodic function defined by (|5.10Q , then its Fourier coefficients 
are 

k 



(f(s)e 



-27rifcs2- 



ds = LU 



2" 



coincide with the functions 



Cl n (k) = 2 ™ / V(^ n x + 2 n j)e- 27Tikx dx = [ 

i.e., the trigonometric polynomials defined by 
defined by (glSj) . 

Lemma 5.8. Let < p < 1 and let ip and the Q n be as above. Then any 
function f on R with period 1 satisfying f\[0, 1] e L p [0, 1] admits a representation 

f(x) = J2^V nj (x- Sj ) (5.11) 

with some aj G C, rij G Z+, and Sj G R swc/i t/iai 

J2\a^2 n ^ <C(p,^\\f\\l and £ | % | < C(<p)\\f\\». 

3>1 j>i (5.12) 

As in Lemma |x7| the inequalities in (|5.12p imply that the series (|5.11|) converges 
absolutely in L 1 and LP . 

Proof. By Lemma |5j], we can represent the function /x[o,i] i n the form 

/X[o,i] = a W2- n i ( x ~ s j)- 
Moreover, the series in ( |5.12| ) converge. Then 



Now we can complete the proof of Theorem |5.1| . Let T f = fi * f for 
/ G L 1 (T). It is clear that T is a translation invariant operator. By Lemma 



\\Tf\\l<J2\*i\ P h*n, 
i>i 



■j Up- 



By O, 



|//*^J£< const 2 n >~ 1 \ 
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and so by ( |5.12|) , 

||T/||* < const M P 2^ (P_1) < const ||/|g, / G L 1 . 

Thus, the operator T : L X (T) -> L X (T) can be extended to a translation-invariant 
operator on L P (T). Consequently, by Oberlin's theorem [O], /i G A4 P . 
Let us now prove (|5.1|). First of all, the inequality 

||{Ai-fc}j,fc>o||anp < II/^IImp 



has already been proved in (|5.2p . Let us establish the opposite inequality. By 
Lemma |5.2| , it is sufficient to show that 

ll{A?-fc}j,fc€z||OTp — IIa'IIa^p (5.13) 

for any // G .M p . Since we have already proved that {£ij-k}j,k>o G if and only if 
/i G A4 p , it follows that it is sufficient to prove (|5.13[ ) for finite linear combinations 
of 5-measures. 
Suppose that 

N 

^ = ^2 a ™ G C ' TmE T ' Tm ^ Ti for m ^ l - 

m=l 

Let / be a function in L 2 such that ||/||l 2 — 1 and f Tm _L f n for m ^ I, where 

f T (() = f f{r(). To construct such a function, it is sufficient to take any function 
/ of norm 1 that is supported on a sufficiently small arc of T. Consider now the 
rank one matrix 

a = {7oo/>) w. 

Clearly, \\A\\ Sp = ||/||| 2 = 1. We have 

N N 



m=l m=l 



N 



{Ai-fckfcez*^= ^2oc m rif(j)r^f(k) = ^ a m f Tm (j) f Tm (k) , 

and so 

l|{/Vfc}j,fcez*^llsp = l ttm l P = II^Ha^p 

m=l 

which completes the proof. ■ 

Note that it is easy to see from the above argument that a for a sequence {tj}j £ z 
the Toeplitz matrix {tj~k}j,k>o is a Schur multiplier of S p , < p < 1, if and only 
if for any m G Z + the Hankel matrix {t,+/c-m}j,fc>o is a Schur multiplier of and 

sup \\{t j+k -m}j,k>o\\m P < const. 
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However, it can be shown easily that such a relation between Toeplitz and Hankel- 
Schur multipliers holds in a more general situation. In particular, this is also true 
for Toeplitz and Hankel-Schur multipliers of S p with any p e (0, oo). 

Remark. We can obtain similar results for Toeplitz (Wiener-Hopf) multipliers 
of class S p of operator on L 2 (M + ). Namely, we can ask the question of when the 
function (x,y) i— > g(x — y), x, y > 0, is a Schur multiplier of S p . The techniques 
described in this paper allows us to prove that this condition is equivalent to the 
fact that g is a Fourier transform of a complex discrete measure p on H. such that 

p = ^^aj5 Xj , the Xj are distinct, and \ a j\ p < °°- 
3 j 



6. More results on Hankel-Schur multipliers 



In this section we study Hankel-Schur multipliers of the form T M , where p is a 
complex measure on T. Recall that the space M. p has been introduced in §5. 

If p is a complex measure on the unit circle T, we identify f+p and P_/x with 
functions p + and p_ defined by 

n def f dp(C) . , 

T 

and 

( x def f dp(() , , 

T 

We need the following well known facts about Besov classes (we refer the reader 
to [Pee] for more information about Besov spaces). Let / G H p , < p < oo, and 
let < s < 1. Then 

feB s poo <=► J\f{Cr)-f{r)Ydp{r)< const £-11* (6T, (6.1) 

T 

and 

feB' poo <=► | |/(C) - /K)| p rfm(C) < const(l - r)«*. (6.2) 

T 

Theorem 6.1. Let p be a singular measure on the unit circle T. Suppose that 

£ 5 poo ; ^ ere P> s £ (0, !)■ T/lerl A*- e 5 poo- 
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Proof. By Q, 

y |/x + (Cr)-// + (r)|Pd//(r) < const \(-l\ sp , ( G T. 

T 

Since /i is singular, the boundary values of fi + and — /i_ coincides almost everywhere 
on T, and so. 

y \ti-(Cr) - fM-(r)\ p dKr) < const |C-1|* (GT, 

T 

which implies by that \i_ E B s poo . ■ 

Corollary 6.2. Let fi be a singular measure on the unit circle T. Suppose that 
fj,+ E -Bpra* and 1/2 < p < 1. T/ien /i G .M p . 

Proof. Denote by w the Poisson integral of the measure /x. Clearly, 

u(«) = ^+(z) zGD. 
Let us estimate the integral J \u(r()\ p dm((). Denote by h the boundary values of 

T 

//+. They coincide almost everywhere with the boundary values of — \x- since \x is 
singular. Note that by (|6.2|) , 

y \n+{rC) - h(rC)\ p dm(C) < const (1 - r) 1 ^. 



Similarly, 



Hence, 



y Im-O^C) + /i(r _1 C)| p rfm(C) < const(l - r) 



i-p 



«(rC)| p dm(C) < \(i+(rO - h(rO\*dm(0 



+ y |Ai_(r- 1 C) + /i(r- 1 C)| p dm(C) 



< const (1 - r) 1 ^. 

Consequently, by Theorem 4.3 of [A2], we have \i E A4 P . ■ 

Corollary 6.3. Let \x be a singular measure on T. Suppose that E 97t p for 
some p < 1. Then \i is discrete. 
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Proof. Clearly, r„ G Wl q for all q > p. Consequently, it suffices to consider the 



case 1/2 < p < 1. By Theorem O, (m+ G B^Z*. It remains to apply Corollary 



3.2 



It is clear from the proof of Corollary |6.3| that // G .M p ifl/2<p<l. We will 
see that the same is also true for p < 1/2. 

Denote by S* backward shift, {S*<p){z) = (<p(z) - <p(0))/z. It is easy to see 
that ||r5»^||grjf p < ||r^||grrt p f° r any V > 0. Moreover, it is easy to see that if 

f(z) = £ ip(jN + s)z j with N, s G Z+, then 

i>o 

IIT/Hotp < ||r^||a^, p > 0. (6.3) 

Indeed, to prove ( |6.3|) , it is suffices to observe that the matrix T/ is a submatrix 
of r 



Theorem 6.4. Let ip and g be functions analytic in the unit disk D and let 
< p < oo. Suppose that {rij}j>o is an increasing sequence of nonnegative integers, 



G Tip, and 



Hm ((S*) n ^){z) 



g(z), z G 



T/ien T 9 G 9Jt p and ||r 9 || OTp < ||r^||sjj^. Moreover, there exists a Schur multiplier 
{t k+ i} k) i& of S p such thatt k = g(k) for all k > and ||{tfc+i}A:,j e z||a^ < l|r</>||av 

Proof. First we can put tp(k) = for k < 0. Clearly, lim ^(fc + n^) = g(k) 

j->+oo 

for any > 0. Passing to a subsequence (if necessary), we may assume that 
sequence {ip(k + nj)}j>o converges for any k G Z. Put = f lim ip{k + rij) for 

k G Z. We have to prove that {t fc+ z}fc,z e z G 9H P and ||Ofc+z}fc,i e z||a^, < 11^11^- 
Let a = {ak}k& and b = {&/}z e z be two sequences in £ 2 (Z) of norm one such that 
Ofc = h = if |/| > iV for some iV G Z + . It is easy to see that 



ip(k + I + Uj)a k bi 



fc,zez 



ip(k + l)ak+[ nj /2]bi+ nj -[ nj /2} 



k,l>0 



< 



ir 



if n 3 - > 2N. Making j -> oo, we obtain ||{tfc + za/A} fc ,zgz||s p < ||r^||g^. ■ 
In the same way we may prove the following result. 

Theorem 6.5. Let g and ipj, j G Z + , be functions analytic in the unit disk D 
and let < p < oo. Suppose that M = sup ||r^.||«jn < oo and for an increasing 



sequence {nj}j>o of positive integers lim ((S 



j 



g(z) for all z G 



Then T g G 9Jl p and WTgW^ip < M. Moreover, there exists a Schur multiplier 
{h+i}k,iez of Sp such that t k = g(k) for all k > and ||{tfc+z}fe,z e z||g^ < M. 
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Denote by Ai(T) the space all complex Borel measures on T. As usual, we 
identify Ai(T) with the space (C(T))*, where C(T) is the space of all continuous 
functions on T. Recall that a measure \x G M(T) is called continuous if /i{C} = 
for any ( G T. 

Lemma 6.6. Let fi be a continuous measure and v a discrete measure in A4(T). 
Then there exists an increasing sequence {nj}j>o in Z+ such that lim fi(k+rij) = 

j-*oo 

for any k G Z and lim z nj = 1 for \v\ -almost all z G T. 

j-HX 

Proof. Assume first that the support of v is finite. By Wiener's theorem [W], 
\i is a continuous measure if and only if 

1 N 

ii m _!_y^ | 2 = o. 

7V^+oo jV + 1 ^ n 
k=0 

Consequently, there exists a sequence {mj}j> in Z + such that mj > 2 J and 

lim sup |AWI = 

j'-i-oo m :j -2j<k<m J +2j 

Let us prove now that there exists a required sequence {%}j> such that 

m.j - j < rij < mj + j, j G Z + . (6.4) 

Indeed, suppose that supp z/ = {Cij C2> •••> Cat}- Let X be the closure of the set 
{(d", (J, •••) Cv)}nez- Clearly, X is a subgroup of T^. Set 

*n = {(Ci fc ,C 2 V--,C&): -n<A;<n}. 
Denote by e n the infimum of the set of positive e such that the e-neighborhood of 
X n contains X. Clearly, lim e n = 0. Now it is easy to choose a sequence {n,-}j>o 

satisfying (6.4Q and such that lim z™ J = 1 for |z/|-almost all z G T. 

If v = Y^jLo c j^T 3 is an arbitrary discrete measure, we can take the finitely 
supported measures u m = Y^=o c j^rp apply the above reasoning to the u m , use a 
diagonal process. ■ 

Theorem 6.7. Let /i G M(T) and < p < 1. Suppose that G Q7t p . T/jen 

EHO\ p <\K + \\ p ^- 

CeT 

Proof. Denote by v the discrete part of measure \i. By Lemma |6.6| , there exists 
an increasing sequence {n,j}j>o in Z + such that lim fi{k + n,) = i>{k). Theorem 

implies that {i>k+i}k,lez G and ||{i>fe+z}fc,/ e z||a^ < 11^11^. It remains to 
apply Theorem |5.1| . ■ 

Theorem 6.8. Let fi be a singular measure on T. Suppose that G 97t p; where 
< p < 1. T/ien G A< p . 
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Proof. It suffices to note that by Corollary |0| the measure \x is discrete. ■ 
Finally, we consider the problem of whether all Hankel-Schur multipliers of S p 

for < p < 1 are of the form T p for fi G A4(T). We show that this is not the case 

for p > 2/3. For p < 2/3 the question remains open. 

We denote by M.+ the space of Cauchy integrals of measures: 



and consider the following norm in A4 + : 

\\f\\ M + = inf \\h\\m(t), 
the infimum being taken over all measures fi satisfying <p(Q = J D (1 — f C)~ 1 d/x(r), 
( G D. Similarly, we can define the space L\ of Cauchy integrals of L 1 functions, 



J ^Ldm{r), C G D, 9 G L 1 I 

D J 



with an obvious definition of the norm in L} + . Clearly, if ip(Q = / D (l — 7"C) ^M 7 ")) 
C G D, then T v = T M . 

Theorem 6.9. Let p > 2/3 < p. Then there exists an analytic function if) in 3 
such that T^p G 97t p &«i ip ^ A4 + . 

We deduce Theorem |6 . 9| from imbedding theorems for Besov spaces (see Theorem 
S7T4| below). 

We need some well-known facts about the Dirichlet kernels D n , n > 1, defined 

by 

n /-n+l _ f-n 

D n (0 = J2^= C _i » C G C, C 7^ 0. 

fc=-n ' 



Obviously, ||-D n ||2 — V2n + 1 and ||-D n ||oo = 2n+l, and so J |Z) n | p <im < (2ra+l) p 1 



r 



for any p > 2. Next, it is easy to see that 

|D n (C)| < min |2n + 1, jy^} ' C G T ' 

which implies 

j \D n \ p alm < C{p){2n + If" 1 , 1< p < oo. 

T 

It is also clear that 

|C„(e«)|>ReA,(e><)>, + i, te (-£, £) 
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whence, 



J \D n \ p dm > ^n p -\ n>\, p > 0. 



T 



Let Q n 



def i jj 2 



2n+l «■ 

Lemma 6.10. There exists a constant C such that 

1 



E 

n>0 



2 n+l + i 



Q 2 « (e^c) 



< c 



for any ( G T. 

Proof. Set 

to see that E Xu n < C- Consequently, 

n>0 

E 2^TXi^n(0lQ2-(e*0l < C.guodC G T. 

n>0 

It remains to note that 2 „+i +1 |Q2"(e^^)| < if z G" C/ n , and X] ^2 < +°° 



Proof. Set U n = {( G T : 10|C - e"^| < ^} for n > 1 and U Q = T. It is easy 



n>l 



Let iV be a positive integer. We define the analytic polynomials $^ by 



dcf 



(D 2 n(z)) N+1 , n>N, (GC. 



(2"+i + l)N 
Clearly, ^(^l < |Q 2 »(^)| for z G T. 

Theorem 6.11. Let /(C) d = E a n $^(e^C) /or ( G B. T/ien toe following 



n>N 



statement are equivalent: 
(i) \a n \ < +00/ 



n>N 



(ii) / G ff 1 ; 

(iii) feL\; 

(iv) / G M + . 

Proof. The implications (ii)=>(iii) and (iii)=^(iv) are obvious. To prove that 
(i) implies (ii), it suffices to observe that 



||*Hi = ( 2n+1 + 1 ) 



-N 



D,J N+1 dm < 1. 



It remains to prove that (iv) implies (i). Let / G M.+. Clearly, 



<C|| J> fc z fe | 



fc>0 



fc>0 
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for any polynomial J2k>o a k( k - Put 

def I bj' a ™ 7^ 0' 



0, a n = 0. 



Let 



in 



def a n *N, & \ 

9m ~ ^ 2 n+l + 1 « ^ ^ 



By Lemma |6.10| , ||<7m||oo < C- Consequently, 

m 

^|a n |(2"' +1 + l)- 1 ||<|.^||2<C, m>iV. 



n=N 

It remains to observe that 

(2" +1 + l)- 1 |K||2 = (2 n+1 + l)- 2N - 1 J \D 2n \ 2N+2 dm 

T 

> I(2"+i + !)-2iv-i 2 (2iv+i) n > c(jV) _ g 
3 

We need the following well-known lemma. 

Lemma 6.12. Let f be a polynomial of degree at most n. Then 

\\f\\oo<e(n + l)^\\f\\ p 

for any p > . 

Proof. Let n > 1. Put g{z) = f ((1 + Clearly 

lb|| P < + II/IIp < P>0. 
Using the well-known inequality |<7(a)| < - — ^J^ 1/p , we obtain 

(1— \a\ ) 

ll/||oo<- / e|l/l l P N ^ <e(n+l) 1/ l/|| P . ■ 

(l-(l + i)- 2 ) /P 

Corollary 6.13. Let f be a polynomial of degree at most n. Then 

\\fh<e^{n + l)^*\\f\\ p 

for any p 6 (0,1). ■ 

The following result is possibly known but we were unable to find a reference. 
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Theorem 6.14. Let < p < 1 and q > 0. Then the following statement are 
equivalent: 

(i) q < 1; 

(ii) P+(< P# ) C if 1 ; 

(iii) P + (^i P# ) C f +; 

(iv) V + (Bl{ p *) cM + . 

Proof. Let us prove that (i) implies (ii). Let / G P+ {^B^q*^. Then 

X)2 na/a *||/*V„||«<+oo ) 

n>0 

where the V n are the polynomials defined in §2. Consequently, 

^2^#||/*K|| p <+oo, 

n>0 

and by Corollary [TLj, E 11/ * Kill < +°°- Thus > / = E / * K e H 1 . 

n>0 n>0 

The implications (ii)=^(iii) and (iii)=^(iv) are trivial. It remains to prove that 
(iv) implies (i). Take a positive integer N such that p(N + 1) > 1. Let / be the 

function defined in the statement of Theorem |6.11| . Clearly, / G B^q* if and only 
if 

^2 n ^#|a n |l$f^<+oo. 



n>N 



Note that 



\&*)\Pdm = (2 n+1 + l)- Np j \D 2n \( N+ V p dm 

T 

< C(p, N)2~ Npn 2 Npn+pn - n = C(p, N)2~ np/p *. 
J \<$>W\ p dm = (2 n+1 + 1)-^ J \D 2n \( N+ V p dm > C(p,N)2- np/p #. 

T T 

Consequently, / G B^Jq* if and only if E l a n| 9 < +oo. By Theorem |6.11| , / G M.. 



Next 



n>N 



if and only if E l°n| < +oo. Now it is obvious that (iv) implies (i). 



n>N 



Proof of Theorem |6.9| . Let p > |. Clearly, we can assume that p G (|, 1]. We 
have p\, > 1, and by Theorem |6.14j , there exists a function ip G P + \ B]!p* j \M. + . 
It remains to apply Theorem [4.14| . ■ 
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We do not know whether there exists a function analytic in D such that r^, G 971 
for p < | and ip ^ M + . 
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